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ABSTRACT 

The wave equation is an important second order linear partial differential equation 

for description of waves.This research obtains the solution of the control, state and 

the cost functional in two dimensional energized wave equation up to ten nodal 

points. The fourier solution proposed by Duchateau and Zachmann (1986) for 

deriving the general equations was applied to the problems of two dimensional 

quadratic functional Min J(   )   ∫ ∫ ∫ [  (     )    (     )]
 

 

 

 

 

 
dxdydt  Subject 

to  
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   (     )

   
  (     ) The finite element 

techniquewas then used on the resulting system to obtain the states, controls and the 

cost functional at different levels of discretization up to ten nodal points. The 

findings in the one dimensional case hold.   
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Introduction 
The research work is an extension of the work of Bawa (2003), applicable 

to the two dimensional optimal control of wave equation with energy effect 

incorporated with the optimization of a quadratic functional 

Min J(   )   ∫ ∫ ∫ [  (     )    (     )]
 

 

 

 

 

 
dxdydt. 

Subject to 

   (     )

  
 
  (     )

  
 
   (     )

   
 
   (     )

   
  (     ) 

The applications of optimization methods to equations in mathematical 

physics have been considered byReju et al (2001). They applied the extended 

conjugate gradient method to the control problems of diffusion, fluid dynamics and 

wave propagation. Other works include Reju (1995), and Waziri (2004). In this 

work, the finite element technique is used to find the optimal states, controls, and 

the cost functional of wave equation with energy effects in two dimensional case up 

to ten nodal points following the transformational steps in Binder (1911), Pain 

(1997), Raisinghania (2010) and Schmidt (1924). 

 According to Rao (1985), the finite element technique can be concisely 

defined as an approximation method of solving complex problems where the 

solution region is taken as an assemblage of many small – interconnected sub–

regions called finite elements. 
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Wave Equation With Energy Effects in Two Dimension 

Using the procedural steps in Bawa (2003), the two – dimensionaloptimal 

control problem is considered.The two dimensional wave equations with energy 

effect is given as 

(
 

  
)
   (     )

   
 (
 

 
)
  (     )

  
 
   (     )

   
 
   (     )

   
              (  ) 

The optimization problem under consideration is given by   

Min J[   ]  ∫ ∫ ∫ [  (     )    (     )]
 

 

 

 

 

 
dxdydt                            (2.2) 

Subject to  

   (     )

  
 
  (     )

  
 
   (     )

   
 
   (     )

   
  (     ) 

With boundary and initial conditions 

 (     )   (     )                                                                               (2.3) 

 (     )   (     )                 

 (     )   (     )                 
Following Singh and Titli(198),the Hamiltonian for (2.2) and (2.3) is given as 

H=  (     )    (     )  

  [   (     )     (     )   (     )]                                                   (   ) 

Where   =  ( ) 
Setting 

  (   )     (     )     (     )   (     ) 

 (   )    (     )    (     ) 
The first order necessary conditions for optimality is  

  (     )    (     ) 
     (     )     (     )   (     ) 

   ( (     )  (     ))                                                                      (   ) 

    -   [  ]
         (     )                                                        (   ) 

 

       

  [  ]  
                                                                                                  (   ) 

Where H =  (   )    ( ) (   ) 
Equation (   ) gives λ + 2u = 0 or λ = – 2u 

Equations (   ) and (   ) give 

        (     )     (     ) 
Hence, 

   (     )     (     )                                                           (   ) 
Assuming (2.8) as a Fourier solution proposed by Ibiejugba and Onumanyi (1984) 

and Duchateau and Zachmann(1986). 

 

 (     )   ∑  

 

   

( )             (   ) 
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 (     )

  ∑  

 

   

( )                                                                                               (    ) 

This gives the new solution as: 

 (     )   ∑   

 

   

                                                                                (    ) 

It then follows that 

    ( )     ( ) 
and 
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( )                  

The constrained equation gives 

   (     )    (     )     (     )     (     )   (     ) 

Hence 
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This implies that 

     ( )      ( )    
      ( )  

      ( )    ( ) 
     ( )      ( )     

      ( )    ( ) 
     ( )      ( )     

      ( )    ( )  
and the problem can be written in the form   

Min∫ [  
    

        
 ]   

 

 ∫ [   
     

        
 ]  

 

 
 

(    ) 
The corresponding unconstrained problem is given by 

     ( )         
           

     ( )          
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∙ ∙ ∙ 

∙ ∙ ∙ 

∙ ∙ ∙ 

     ( )          
                                                                            (    )    

 

3.0  Computational Results 

System (2.13) is now solved applying the finite element technique as in Rao (1989) 

and Bawa (2013). The elements characteristic matrices and vectors are obtained and 

the overall equations given as 
[ ]  

              (3.1) 

Where K is the characteristic matrix and    is the characteristic vector. This is 

solved and the values of the states, controls and cost functional obtained up to ten 

nodal points as presented on the table of results below. 
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Table 1: Table of Results 
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Conclusion 

The results for the optimal state, optimal control and the optimal cost 

functional for the two dimensional energized wave equation were obtained up to ten 

nodal points. Following Singh and Titli( 1978), the objective  functional and the 

dynamical energized wave are penalized to obtain the Hamiltonian for the system 

leading to the corresponding unconstrained problem in which the Finite Element 

Method was applied. It is observed that as the strata profiles in space increase from 

n=1 to n=10, the energy level gets higher, which symbolizes a high attendance of 

frequency observations and high cost functional.  
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