Adamawa State University Journal of Scientific Research
(ADSUJSR)
Volume 12 Issue 2, 2024
ISSN: 2705-1900 (Online); ISSN: 2251-0702 (Print)
adsuijsr.adsu.edu.ng

ACALVAAS STATE LNVERSTY Wl

Optimal Control Model for the Dynamics of Tuberculosis with Control Strategies

Njida James Andest® Ibrahim Isa Adamu?

1Department of Mathematics, Adamawa State University, Mubi.
2 Department of Mathematics, Modibbo Adama University, Yola
Contact: andest145@adsu.edu.ng

(Received in September 2024; Accepted in December 2024)

Abstract

The optimal control model with five different control strategies; the control effort on vaccination (u,), the
control effort on public health campaigns (u,), the control effort on tuberculosis case detection (us), the control
effort on quarantine (us;) and the control effort on sanitarium (us) is formulated and analyzed using
Pontrayagin’s maximum principle. The numerical simulations of the optimal control model have shown that
tuberculosis infection can be effectively controlled in a given population provided that 35.69% control effort on
vaccination (u,), 35.69% control effort on public health campaign (u,), 0.0642% control effort on tuberculosis
case detection (us), 28.55% control effort on quarantine (u4), and 0.0021% control effort on sanitarium (us) are
continuously implemented. In this paper, an optimal control model that incorporate five different control effort
variables: vaccination (U;), public health campaign (U,), case detection (Us), Quarantine (U,;) and sanitarium

(Us) as control strategies was proposed. And perform numerical simulation of the model

Keywords: Tuberculosis, Optimal Control, Public Health Campaign, Quarantine, Sanitarium.

Introduction

Tuberculosis (TB) is a chronic infectious disease
caused by mycobacterium (tubercle bacillus). The
disease spreads from one individual to another
through air. Infected persons release droplets of
Mycobacterium tuberculosis bacteria into the air by
coughing, sneezing or spitting mucus containing
the bacteria onto surfaces. This droplets or mucus
contain large number of small respiratory droplets
nuclei that evaporates and dispersed into the air
almost instantly. These nuclei implant themselves
in the lung when inhaled. In most cases, a
competent immune system limits the multiplication
of the tuberculosis bacilli, although some bacilli
remain dormant but viable, rendering a condition
known as Latent TB Infection (LTBI), (Center for
Disease and control (CDC), 2000).

Basically, there are two types of TB, namely:
Pulmonary TB which affects the lung (the
commonest and infectious form of the disease) and
Extra-pulmonary TB that affects organs such as
pleura, lymph nodes, spine, joints, abdomen or
genitourinary track.

Worldwide 8.6 million people fell ill due to TB, of
which 1.3 million people die annually. In Africa,
the TB incidences per 100,000 population is 262
while the prevalence is 293 as per World Health
Organization (WHO), (2013). At global level, TB
is the seventh most important cause of global
premature mortality and disability and it is
projected to remain among the ten leading causes
of disease burden even in the year 2020 (Nyerere et
al., 2014).

The use of mathematical modeling in the theory
and practice of disease management and control
have increase due to the fact that, the approach
helps in figuring out control strategies and making
decisions that are of significant importance to the
control of the disease (Nyerere, et al., 2014).

Optimal control theory is a powerful mathematical
tool that can be used to proffer best control
regiment to help in making decisions involving
complex biological situations. For instance, what
percentage of the population should be vaccinated
as time evolves in a given epidemic model to
minimize the number of infected and the cost of
implementing vaccination strategy? The behavior
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of the underline dynamical system is described by a
state variable(s). It is assumed that there is a way to
steer the state variable by acting upon with suitable
control function(s). The control enters the system
ordinary differential equations and affects the
dynamic of the system. The goal is to adjust the
control in order to maximize (or minimize) a given
objective functional (Suzanne & Workman, 2007).
In general, the objective functional depends on one
or more of the state and the control variables.
Frequently the objective functional is given by an
integral of the state and or control variables.

There exist several research works in which the
simple compartment models for different infectious
diseases have been proposed and analyze in some
of them optimal control technique have been
incorporated. For instance, Zaman et al. (2009)
developed optimal control model of susceptible,
infected, recovered, with time delay using
treatment as control parameter to minimize the
probability of infections transmission and to
maximize the total number of susceptible and
recovered individuals. Bowng & Alaoui (2013)
developed tuberculosis model and analyzed using
optimal control theory by introducing control terms
on the chemoprophylaxis and case detection to
reduce the number of individuals infected with
active TB. Ahmadin & Fatmawati (2014)
constructed a mathematical model of drug resistant
in the tuberculosis disease transmission that include
treatment measure as optimal control. Agusto &
Adekunle (2014) developed a TB and HIV/AIDS
co-infection model by incorporating nine control
parameters. Optimal control of tuberculosis with
case detection and treatment was proposed by
(Athithan & Ghosh; 2015), they compared the
result with result of fixed control and it was
observed that optimal control gives better result
than fixed control. Fatmawati & Hengki (2016)
developed an optimal treatment control of TB-HIV
co-infection that includes use of anti-TB and ARV
treatment as optimal control strategies. They
conclude that the combination of anti-TB and ARV
treatments is the most effective to reduce the TB-
HIV con-infection.

Quarantine
Refers to the separation and restriction of persons
who, while not ill, have been exposed to an

infectious agent and thereafter may become
infectious. Quarantine may be used when a person
has been exposed to a highly dangerous and
infectious diseases and include a range of disease
control strategies that may be used individually or
in combination. Quarantine includes short-term
voluntary home confinement; restrictions on travel
by those who may have been exposed; and out of a
geographic area. Quarantine also includes other
measures to control the spread of disease, such as
restriction on the assembly of groups of people
(e.g. school events); suspension of public gathering
and closure of mass transit system or broad
restrictions on travel by air, rail or water may be
used (CDC; 2014).

Sanitarium

This is a medical facility for long term illness
management. It is a hospital where people who
have had a serious illness like TB go so that health
care workers can take care of them to recuperate.
The efficiency of sanitarium treatment depends on
early detection and reference of patients.
Sanitarium can also be used as an educational
center where TB patients receive both didactic and
practical instructions.

Public campaign

This can be achieved or operate by addressing
prisoners, refugees and other high risk groups on
danger of a certain disease, strengthening of health
systems, engaging all care providers through
public-public and public-private mix approaches.
Also through advocacy, communication and social
mobilization on the risk of disease like TB.

Case detection

Case detection is the investigation of infectious
disease through either laboratory means or Direct
Observation Therapy Strategy (DOTYS).
Christopher & Martien (2008) conducted case
detection over 11 years between 1994 and 2005, a
total of 26.5 million TB patients were diagnosed
and reported under DOTS. That in 2005, DOTS
programs worldwide reported 4.8 million new and
relapsed cases, among which 2.3 million were
smear-positive. The smear-positive case detection
was 60% (90% uncertainty limits, 52-69%) of the
3.9 million new cases estimate. The estimate of
case detection was below the 70% target. The
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Materials and Method

formulating the model:

estimated case detection rate increased almost (iii)
linearly from 11% globally in 1995 to 28% in
2000. They concluded that case detection has since
accelerated from 2003 to 2004. (iv)
The following are the main assumptions made in in v)
(i) All exposed individuals suspected of TB (vi)
case are quarantined.
(i) Treatment of infected individuals occur (vii)
in the sanitarium.
(viii)

Quarantined individuals who are tested
positive will be taken to sanitarium for
immediate treatment.

Screening is done to the exposed
individual to detect infected individuals.
Natural death occurs across the
compartments.

All exposed individuals that are tested
negative are going to the quarantine.
Recruitment rate into the susceptible
population remain constant.

Those on vaccine become exposed on
expiration of the vaccine efficacy.

Table 1: Definitions of variables of the modified model

Variable Definition

S(t) The population of susceptible individuals at time, t

V(t) The population of vaccinated individuals at time t

E(t) The population of exposed individuals at time, t

Q) The population of individuals suspected with the symptoms of the disease at time, t
I(t) The population of infected individuals at time, t

J(t) The population of individuals in a sanitarium at time, t

R(t) The population of recovered/treated individuals at time, t

N(t) Total population at time, t

Table 2: Definitions of parameters of the model

Parameters Definition
A Birth Rate
7 Natural mortality rate
p Proportion of vaccination at birth
1-p Proportion of those not vaccinated at birth
d, TB-induced death rate for individuals in the sanitarium
d; TB=induced death rate for infected individuals
® Proportion of quarantined individual that are infected and go for treatment
1-0 Proportion of quarantine individuals that are not infected
q The rate at which susceptible individuals are vaccinated
o The rate at which infected individuals move to sanitarium
B Per capita TB transmission rate
0 The rate at which new born are vaccinated
r The recovery rate of individuals in the sanitarium
T The efficacy of vaccine
A The force of infection
T Rate at which the quarantine individuals are diagnose
p The rate of progression from expose to infected class

Proportion of exposed individuals that are quarantined
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1-y Proportion of exposed individuals that are not quarantined

n Probability of acquiring TB infections per contact with an infectious individual

Description of the Model
The total population at time t denoted by N (t) is

divided into seven mutual exclusive compartments
(depending on the epidemiological status of
individuals in the population). The compartments

are; the population of susceptible individuals, S(t)
, the population of vaccinated individuals, V (1),
the population of exposed individuals, E(t), the
population of quarantined individuals, Q(t), the
population of infected individuals, I(t), the
population of individuals under sanitarium J(t) ,
and the population of recovered individuals, R(t) .

it is refer to a compartmental-based model as
SVEQIJR model. Let the force of infection be
given as , _ A1 +7J)
N
population is given by:
N(t)=S(t)+E(t)+1(t)+Q(t)+I(t)+V{t)+R(t).

, Where the total

The population of susceptible individuals is
generated by the proportion (1—p) A i.e. new births
that were not vaccinated, vaccinated individuals
who lose immunity at the rate & and the proportion
of quarantine individuals that are confirmed
negative with TB given by(l—a))z’. The
susceptible population is reduced by natural death
at the rate £{ those that are vaccinated at the rate {
and by those that become infected and move to the
exposed compartment at the rate A. Thus, the
equation governing the dynamics of susceptible
individuals is given by

ds

a:(l—p)/\+€\/ +(1-0)7Q—-(A+q+pu)S-

The population of vaccinated individuals is
generated by the proportion of those that are
successfully vaccinated at birth given by pA and
the susceptible individuals that are vaccinated at
the rate . This population is reduced by those

who lose immunity against TB at the rate 6V. The
vaccinated population further reduces due to the

natural death at the rate {/ . Hence, the equation

governing the dynamics of the vaccinated
population is as follows:

dd—\t/:pA+qS—(6’+(1—7z)/1+/1)V :

The population of exposed individuals is generated
by those susceptible and vaccinated individuals that
are suspected with TB at the rates
A and /I(l—ﬂ), respectively. This population
decreases due to the progression into the infected
class at the rate p(l—y), those that are quarantine

at the rate py and by the natural death at the rate
M . Hence,
dE

E:(S +(1-7)V)A—(p+u)E"

The population of quarantine individuals is
generated by the proportion of those that are
suspected with TB at the rate of . It reduces by

those who move to the susceptible class after they
are confirmed negative with TB at the rate

(1-w)7, those that go for treatment at the rate

o7 and the natural death at the rate £ . Thus, the
equation;

d

d—?= PYE+¢—(r+u)Q-

The population of the infected individuals is
generated by the proportion of those confirmed

infected at the rate p(l— 7/) and reduced by TB-

induced and natural deaths at the rates d, and z¢,

respectively. The population also reduces by 1 ,
i.e. the proportion of those that go for treatment.
Hence,

dl
e p(1-7)E+d,—(a+d,+p)!.

The population of individuals in the sanitarium
compartment increases by proportion of those that
go for treatment from the infected class at the rate

& and from quarantine compartment at the rate
@7 . This population reduces by those who
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recover due to the effective treatment at the rate I

. TB-induce death at the rate d » and natural death
atthe rate 2. Thus,
dJ

E:al +10Q—(r+d,+u)J -

The population of recovered individuals increases
by those that recovered from the disease at the rate

I, and reduces by natural death at the rate s .

Hence the equation:
dR
—=rJ—uR
dt 1 H

The General transfer diagram for the model
From the assumptions (2.1) and the model
description (2.2) the model flow diagram is:

us L

M i+ d I
/ UE § )
v
pA —*
I
Y p(1-yE
/ -
E R
&v qS ol
< "‘IPE /
tp)a—> S [ tll-o)o Q Q J
/ l (u+d,)J

Figure 1: A general transfer diagram for the model (SEIQJVR)

Model equations (model with constant controls)

Based on the assumptions, the description and the schematic flow diagram of the model in Figure 2.1, we
present the following set of first order nonlinear ordinary differential equation for the model (SVEQIJR).
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?j—?=(l—p)A+H\/ +(1-w)Q—(A+q+u)S,
dv
dt
dE
dt
dQ
dt
dl

T p(l—y)E—(a+dl+,u)|,

cclj—i:al +70Q —(r+d, + ) J,

=pA+0aS—(0+(1-7) A+ )V,
=(S+(1-7)V)A—(p+n)E,

= pyE—(7+4)Q,

drR
—=rJ — uR,
dt 1 M

where

=,6’(I +nJ)
— N

A

N(t)=S(t)+V (t)+E(t)+Q(t)+1(t)+I()+R(t).

Subject to the following initial condition:

S$(0)>0,V(0)=0,E(0)=0,Q(0)=0,1(0)=0,J(0)=0,R(0)=0.

The formulation of the optimal control model

(32)

An optimal control problem is developed by incorporating the time dependent control strategies into the model
with constant controls given by system (2.1). The time dependent control strategies to be implemented are as

follows:

(i) u, (t), with O <u, <1, denotes the control efforts on vaccination of children at birth and
the susceptible individuals.

(i) u, (t) ,With 0 < u, < 1, represents the control effort on public health campaign of
susceptible individuals.

(iii) u, (t) ,With O < u,; <1, represents the control effort on case detection of infected
individuals.

(iv) u, (t) ,with O <u, <1, denotes the control effort on quarantine of individual suspected
with TB.

(v) Ug (t) , with O < u_ <1, denotes the control effort on the sanitarium of infected.

The objective function to be minimize is;
T 5
J(u,u,,u,,u,,ug) = J'[le +%Zciui jdt
o i=1

Subject to

209


http://www.adsu.edu.ng/

Andest, etal.,
ADSUJSR, 12(2) 204 -218, December 2024
ISSN: 2705-1900 (Online); ISSN: 2251-0702 (Print)

adsujsr.adsu.edu.ng

C(;—fz(l—p)ulA+9\/ +(1-w)u,zQ—((1—u,)A+u,q+ u)S,
dv

E:ulpA+u1qS—(6’+(1—7z)2,+,u)v,

dE

E:((l_UZ)S +(A—7z)V)A—(uzp+u)E,

d

d_? — U, Py E —(U,z+ 20)Q, (3.3)
dl

E=u3p(1—y)E—(u4a+dl+,u)l,

dJ

E=u4al +U,z0Q —(ugh, +d, + ) J,

dR

E:USGJ —,LIR,

with the following initial condition:
S(0)>0,v(0)=0,E(0)=0,Q(0)=0,1(0)=0,3(0)=0,R(0)=0-

The parameters, C,,C,,C,,C, and C, in the objective function are the weight constants for the control

efforts on vaccination, public health campaign, case detection, quarantine and sanitarium respectively and Z; is
the cost coefficient corresponding to the population of individuals infected with TB. The quadratic terms
Cu? C,uZ Cu? C,u?
222" 2
health campaign, case detection, quarantine and sanitarium respectively. A quadratic cost function is chosen
because the cost of control effort are generally assumed nonlinear. The aim is to minimize the population of
individuals with TB infection while keeping the cost of applying control efforts on vaccination, public health
campaign, case detection, quarantine and sanitarium at minimum levels. The aim is to search for the controls

functions (u”. u’. u>.u’ u>) such that
11 Y21 Y3 Hgs Hs

and Cyug , describe the cost associated with the control efforts on vaccination, public

J(uf,u;u;,u:,u;)zMUinJ(ul,uz,u3,u4,u3): wherey ={u,,u,,u;,u,,u, |0<u, <1i=12..5}, is the

control set and is Lebesgue measurable.

The following methods will be employed for the analysis of the modified model:
(i) Pontrayagin’s Maximum Principle will be used to analyze the optimal control model,;
(i) MATLAB software for the numerical simulations of the optimality system derived.

Optimal Control Analysis
The optimal control problem is:

J(x(t),u(t))= optimize]’ f(t,x(t),u(t))dt

subject to X’ (t) = g (t, x(t),u(t))
x(t,) = X, and x(t,) unrestructed

Theorem 2.1 Pontryagin’s Maximum Principle (Lenhart & Workman, (2007)

(23)

Ifu” (t)) and X’ (t) are optimal solutions for the optimal control problem (3.3), then there exists a piecewise

differentiable adjoint variable /”t(t)such that
H (t,x"(t),u(t), A(t)) < H (t,x"(t),u" (t), A(1)) (2.4)

For control variables U (t)at each time t, where the Hamiltonian H is given by
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H (t,x"(t),u(t),A(t)) = f (t,x(t),u(t))+A(t)g(t,x(t),u(t)) and

da oH (t,x(t),u"(t), A(t))

dr ox ' (2.5)
A(t)=0

Numerical Simulations

In this section, numerical experiments to determine the impact of vaccine, public campaign, case detection,
quarantine and sanitarium in the control of TB in a population were consided. The optimality system will be
solve numerical using ODE45 solver in MATLAB and the values of parameters in table 3.

Table 3: Description of parameters with their values

Parameters  Descriptions Values Reference
A The Proportion of New born 0.1891 Estimated
H Natural mortality rate 0.2041 Andreir, 2007
p Proportion of vaccination at birth 0.8 Estimated
1- D Proportion of those not vaccinated at birth 0.97 Estimated
d TB induced death rate for individuals in the 0.3 Athithan, 2015
2 sanitarium
d . TB induced death rate for infected individuals 0.365 Adetunde, 2007
Proportion of quarantined individual that are 0.22 Estimated
infected go for treatment
1-w Proportion of quarantine individuals that are not  0.78 Estimated
infected
q The rate at which susceptible individuals are 0.2 Estimated
vaccinated
a The rate at which infected individuals move to 0.8 Estimated
sanitarium
(7] The rate at which new born are vaccinated 0.7 Estimated
B per capita transmission rate from susceptibleto ~ 0.35 Agusto, 2009
exposed class
r, The recovery rate of individuals in the 0.9 Estimated
sanitarium
n The efficacy of vaccine 0.8 Nyerere, et al.,2014
A The force of infection 0.042 Estimated
T rate at which quarantine individuals are 0.2 Estimated
diagnose
P The rate of movement from expose to infected 0.03 Nyerere, et al.,2014
class
r Proportion of exposed individuals quarantined 0.6 Estimated
1-v Proportion of exposed individuals that are not 0.4 Estimated
quarantined
n probability of acquiring TB infections 0.3 Estimated
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Results
The Analysis of the Optimal control Model
The Lagrangian of the optimal control problem given by system (2.2) is presented as;

Cu, N C,u, N C,u, N C,u, N C.ug
2 2 2 2 2

. In order to accomplish this, the Hamiltonian, H for the control problem is defined as:

H:L(Iyu11u2!u31u4iu4)+//lld_s dV ﬂ’?»d_E d_Q ﬂ‘s%+ﬂ’6?j_‘:+ﬂ‘7(l_l::

*dt
:le+Clzul+C22u2+C32u3+Cu +ﬂi[(1 P UA+N +(1-w)u,rQ - ((1—u2)/1+u1q+y)S]

+ A [ UpA +ugS —(0+(1-7) A+ )V |+ A [(1-u,) S +(1=7)V ) A—(usp+p)E |
+ A4 [UsPYE —(u,z+ 1) Q |+ A [U;p (1) E— (U@ +dy + 1) 1 ]
+ 2 [ Wl +U,70Q — (Ul +d, + 1) 3 |+ 4, [ushd — uR]

(3.2)

3.1)

L=2,1+

The Optimality System
In order to find the optimal solution, the Pontryagin’s Maximum Principle is employed to the Hamiltonian

given by equation (3.2), such that if (x,u) is an optimal solution of an optimal  control problem, then there

exists a non-trivial vector A, 4,,..., 4, satisfying the following  conditions:

dx _oH(t,x,u,4) oH (t,x,u,1) _o 44 _ oH (t,x,u,2) (33)

dt oA ' ou dt OX

The necessary conditions to the Hamiltonian in equation (4.1) that optimal control functions
and corresponding states must satisfy are driven through the following theorem:

Theorem 3.1
Let S*,V", E",Q", 17,J" and R" be the optimal solutions corresponding to the optimal control problem given

by system (3.3) associated with the optimal control variables(uf,u;,u;,uz,u;). Then there exist adjoint
variables ﬂ,l,(i :1,2,3,...,7)satisfying

+/'l)ﬂl_qul/12)7

:(1—u2)(ﬂ1—ﬂ3)(\]*77+ |*) /{

=(1-7) (% — %) (3"
dﬂ?—p(ﬂs+(1 7)25+7ﬂ)u 2, (3.4)
ddﬂ“ =(l-o) A —@A+ ) TuU, + 1y,
dﬂg =((A-u,)S (A —4))+(1-7)V (% 23)) —ua A —2,),
6=((1—u2)s*(4—zg)+(1—ﬂ)v*(zl—zg))’(ﬁ o —Usid, ),
da,
ac M
with transversality conditions (i.e. terminal conditions)
A,(T):O,(i=1,2,3,...,7). (3.5
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Expressed as
u” =0,ifu, <0,
(uj, us,ul,u;, u;’) satisfy the following optimality conditions:

_AP(/’H_/’LZ)_’_(/L._/’LZ)QS*_A/H 1:| Oj
c I .

U =u, if O<u, <1 u” =1ifu, =1. In addition, the optimal controls

u, = max| min

1

u, = max| min

(A —4) (23" +17) pS° '1]0}

C,N" (3.6)

u; = max| min ((25_14)7:;/13_25) PE- ,1},0}

u, = max| min

U, = max| min Ml}oj

Cs

Proof:

_(ﬂl—}{,ﬁ)a)rQ*+(/l4—ﬂl)TQ*—l—(/'%—/’LG)O(l* 1:| Oj
C, Rk ’

To determine the adjoint equations and the transversality conditions, the Hamiltonian H is minimized with

respect to the controls (UI, U; U;, UZ, u;) at the optimal control functions.

Setting

S(1)=S"(1).V () =V (1), EM) =E"(1),Q(1) =Q" (1)1 (1) = 1" (1),3 (1) = 3" (1), R() = R" (1)

and differentiating the Hamiltonian equation (4.58) with respect toS,V,E,Q,1,J, and R, respectively,

equation (). is gotten:

oH .
—=0,(1=12,...,5) "
ou ~ O )

On the interior of the control set using the
optimality conditions and the property of the
control set U, equation (3.6). is driven Because of
the fact that the state and the adjoint functions are
bounded and the Lipschitz structure of the ordinary
differential equations, the uniqueness of the
optimal control is obtained. Thus, the proof is
complete.

The optimality system is made up of the state
system presented in equation (3.2) with the initial
conditions, the adjoint system (3.4) with the
transversality conditions in equation (3.5) and the
control characterization given by equation (3.6).
Numerical Simulation and Discussion

In this section, the analytic results of the work was
numerically simulated using (MATLAB R 2018a).

Numerical Simulations of the Optimal Control
Model

The numerical simulations conducted in order to
investigate the effects of the control strategies on
the transmission dynamics of Tuberculosis. The

(3.7)

simulations are performed using MATLAB and
time in years. The estimated initial values of the
state variables of the model are

S, =15000, V, =8000, E, =10000, Q, = 2000, I, =5000, J, =1500
and R, =1300for the adjoint system and the
terminal conditions are
{#,(T)vi=1,2,3,4,5,6,7}=0, where
T =10years. The cost coefficient corresponding
to state variables are estimated to be Z, = 0.001.
The quadratic cost coefficient corresponding to
control  measures is  estimated to be
C,=0.03,C,=0.02,C,=0.01, C, =0.4and

C; = 0.05while the values of the remaining

parameters are presented in Table 3.6.

The graphs were plotted to show the effects of the
control strategies (vaccination, public campaign,
case detection, quarantine, and sanitarium) in
eradicating tuberculosis infection. Graphs were
plotted when no control strategy is implemented
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and then compare with when the control strategies
are implemented, as shown in Figures 2-5.4,

The Numerical simulation of the optimal control
model with and without control

strategies
The optimal control results are presented in Figure
2 to Figure 5.
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Figure 2: Graph showing the effects of applying control strategies on the population of

exposed individuals.
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Figure 3: Graph showing the effects of applying all control strategies on the population of

infected individuals.
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Figure 4: Graph showing the effects of applying all the control strategies on the population

of quarantined individuals.
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Figure 5: Graph showing the effects of applying all the control strategies on the population

of sanitarium.

It can be observed from Figures 2 to 5 that with the
application of optimal control strategies:
vaccination, public campaign, case detection,
quarantine, and sanitarium, there is a significant
reduction in the number of exposed, infectious,
quarantined, and sanitarium individuals at a given
time. The simulation results presented in Figure 2
show that the implementation of all the control
strategies is effective in reducing the number of
exposed individuals for a period of six years, and
four months after this period of time, it becomes
ineffective. Furthermore, the simulation results in
Figure 3 revealed that when all the control

The Control profile of the extended model
The control profiles are presented in Figure 6 to Figure 10.

strategies are implemented, the number of infected
individuals reduces significantly for the first seven
years as compared to when the control strategies
were not implemented. This result suggests that the
implementation of all control strategies is less
beneficial after approximately seven years’ time.
The simulation results in Figures 4 and 5 clearly
show that implementing all the control strategies is
highly beneficial in reducing the number of
individuals in the quarantined and sanitarium
classes throughout the period of implementation.
Therefore, with respect to the simulation results
presented, shows that the eradication of
tuberculosis infection is possible.

1 T T T T

1 1 1 | 1

Time (years)

5 6 7 8 9 10

Figure 6: The profile of the control variable (U, )
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Time (years)

5 6 7 8 9 10

Figure 7: The profile of the control variable (U,)
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Figure 8: The profile of the control variable, (U;)

1 1 1 1 1 1

4 5 6 7 8 9 10

Time (years)

Figure 9: The profile of the control variable, (U,)
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Figure 10: The profile of the control variable, (Us)

Interpretation of the control profiles

The simulation results presented in Figure 6 to
Figure 10 are the control profiles of the time-
dependent optimal control variables
u,,u,,us,u,, and u, respectively. It can be
observed that the control variable u, is at
1max =1.0000) at t=0
and remains constant for t = 3 years and 8 months
before it gradually drops to its minimum level

(i.eu

maximum level (i.e.u

= 0) at the final time t = 5 years and 6

1 min

months. The control variable u, starts at

maximum level (i.e.u, . =1.0000)at t=0

and remains constant for t = 4 years and 5 months
before it sharply drops to its minimum level

(i.e. Uy in = 0) at the final t = 5years, 8months.

The control variable u,remains at its maximum

level (i.e. Uy, =1.0000)at t = 5years, 7months
and finally drops to its minimum level
(i.e. Uy, =0)at the final time t = Syears,

10months. The control variable u, is at the

maximum level (i.e. u =1.0000) at t=0

4 max
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and remains constant for t = 3years, 4months
before it gradually drops to its minimum level

(i.e.U, iy =0)at the final time t = Oyears,
10months. The control variable wuis at the

—1.0000)at t=0

and remains constant for t = lyear, 4months before
it gradually drops to its minimum level

maximum level (i.e. u

5 max

(i.e. Us i = 0) at the final time t = 9years.

The analysis and interpretation of the graph of
the control values

The controls Uy, U, , Uz, U and Ug were used to

optimize the objective function and the following
observations were made:
The optimal control values observed are:

u, =0.9999

u, = 0.9999
u, =0.0018
u, =0.8000

u, =0.0000575

Now the proportion of each control needed to
achieve effective control of TB in a population in
terms of percentage is computed as follows:

Proportion of u, = Uy
U, +U, +U; +U, +Ug
u, =M x 100=35.69%
2.8017
. u,
Proportion of u, =
u, +u, +U; +uU, +Ug
0.9999
u, = x 100=35.69%
2.8017
u3

Proportion of u, =
u, +U, +Uz +U, +U,

u, = % 100 = 00642%
2.8017
. u,
Proportion of u, =
U, +U, +Uz +U, +Ug
u, = 08 x 100=28.55%
2.8017

Us

Proportion of U, =
U, +U, +U; +U, +U;

_0.0000575
2.8017

100 =0.0021%

5

These results imply that for Tuberculosis to be

controlled effectively in a community, 35.69%
effort on vaccination of newborn babies and

susceptible individuals. 35.69% effort on public
health campaign of susceptible individuals,

0.0642% of effort on case detection, 28.55%
effort on quarantined of suspected is needed and
0.0021%effort on sanitarium of individuals
infected with TB are required to be continuously
implemented.

Conclusion

The optimal analysis of the non-autonomous
control model considering five different control
strategies (i.e., control effort on vaccination, public
health campaign, case detection, quarantine, and
sanitarium) is performed. A comparison between
an optimal control system and a system without
control is presented. The numerical simulation
results  further  showed that continuous
implementation of vaccination, public health
campaigns, case detection, quarantine, and
sanitariums can bring the TB outbreak under
effective control.

The numerical simulation results of the optimal
control model have shown that to minimize the
number of cases of TB transmission in the
population, there is a need for continuous
implementation of the five control strategies, i.e.,
vaccination, public health campaigns, case
detection, quarantine, and sanitarium.

Recommendations

i. Proper education and sensitization on TB
should be given to the general public by
the government and non-governmental
organizations (NGO).

ii. Government at national, state, local level
should create an awareness program for
early diagnoses of TB disease.
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iii. Health care workers should ensure that
patients have completed their treatments.

iv. Government should implement a 35.69%
control effort on vaccination of new births
and susceptible individuals, a 35.69%
effort on a public health campaign for
susceptible individuals, a 0.0642% effort
on TB case detection, a 28.55% effort on
the quarantine of suspected TB cases, and
a 0.0021% control effort on the sanitarium
to eradicate tuberculosis infection.
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